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Abstract 

We consider Hardy-Rellich inequalities and discuss their possible improvement. The procedure 
is based on decomposition into spherical harmonics, where in addition various new inequalities are 
obtained (e.g. Rellich-Sobolev inequalities). We discuss also the optimality of these inequalities in the 
sense that we establish (in most cases) that the constants appearing there are the best ones. Next, we 
investigate the polyharmonic operator (Rellich and Higher Order Rellich inequalities); the difficulties 
arising in this case come from the fact that (generally) minimizing sequences are no longer expected to 
consist of radial functions. Finally, the successively use of the Rellich inequalities lead to various new 
Higher Order Rellich inequalities. 
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1 Introduction 

Hardy inequality states that for N > 3, for all u £ Cq° 

\Vu\ 2 dx> (^Zl) 2 [ ^-dx. (1.1) 

V 2 / Jr n m 

The constant ( jV ~ 2 ) 2 i s the best constant in inequality (|1.1|) . A similar inequality with the same best 
constant holds if M N is replaced by $7 and Q contains the origin. 

When $7 is a bounded domain, a much stronger inequality was discovered by Brezis and Vazquez BV , 
that is for all u G Cg°(n), 



\Vufdx> ('^V fjp*t+ *§ (w )" / (1.2) 
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where lvn and |f2| denote the volume of the unit ball and f2 respectively, and z$ = 2.4048 . . . denotes the 
first zero of the Bessel function Jq{z). Inequality (|1.2|) is optimal in case is a ball centered at zero. We 
set D = sup xg Q \x\ and define recursively 

X 1 (t) = (1-logt)- 1 , i€(0,l], 

X k (t) = Xi(X fc _i(t)), fc = 2,3,... ,te (0,1]. (1.3) 
In |FTj actually, the following improved Hardy inequality was also established for u G Cg°(fi), 



(1.4) 



where we use the notation Xi for Xi(jj). We will make use of the same notation throughout this work. 
Here the constants that appear are best constants. It is worth mentioning that for N > 2m + 2 > 2 and 
u G C^°(f2) inequality <|l-4j) takes the equivalent form 

f \Vu\ 2 , ^ /A-2m-2\ 2 /■ u 2 , 1^/" n 2 „ » 



Similarly to 1)1.1(1 . the classical Rellich inequality states that for N > 5, for all u G Cg°(R ), 

(A u) ^>f JV ' Ar - 4 ') 2 / ^dx. (1.6) 

Davies and Hinz |DHj obtained various Rellich inequalities as well as higher order Rellich inequalities. 
Gazzola, Grunau and Mitidieri |GGM| on the other hand obtained improved Rellich inequalities in the 
spirit of |BVj . As an example we mention the following inequality that holds true for N > 5, and all 



N(N-A)\ 2 f ^ N(N-4) f UN \* f n 2 , , a2 ( u n 



N 



Constants A 2 ,A4 depend only on the space dimension N |GGMj . 

These type of inequalities arise very naturally in the study of singular differential operators. We would 
like to mention in particular that improved Hardy inequalities arise in the study of singular solutions of 
the Gelfand problem |BT[ IBVj , whereas the improved Rellich in the biharmonic analogue of the Gelfand 
problem |GGM| . It is worth noting the work of Eilertsen JE] which is connected with the work of Maz'ya 
[M2] on the Wiener test for higher order Elliptic equations. Related are also the works of Yafaev [Y] and 
Grillo |GG| . For some recent results concerning Hardy-Sobolev inequalities we refer to [XI lACRl IHNl MS, 

Our aim in this paper is to obtain sharp improved versions of inequalities such as (|1.6|) and (|1.7jl . where 
additional non-negative terms are present in the respective right-hand sides. At the same time we obtain 
some new improved Rellich inequalities which are new even at the level of plain Rellich inequalities. The 
method we use was first introduced in |FT| to obtain Hardy inequalities, here we extend it to obtain higher 
order Rellich inequalities. Attached to the Rellich inequality (|1.6|) . there is a similar Rellich inequality 
that connects first to second order derivatives. That is, for N > 5, and for all u G M. N we have 



a 2 r |Vu' 2 

4 I TUN |X 12 



(Au) 2 dx>— / i-r- r^-dx. (1. 
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The constant ^- is the best constant for (|1,8|) . From this inequality and from (|1.5|) we easily arrive to a 
much stronger inequality than (|1,6|) . It was a surprise for us that we have not trace inequality (|1,8|) in the 
literature. 

From now on Vt is a bounded domain containing the origin. In Q inequalities ()1.6|) and (|1.8f) take the 
following much stronger form. 

Theorem 1.1 (Improved Rellich-Sobolev inequality) Let N > 5 and D > sup^g^ \x\. There exists 
a positive constant c such that for all u E Hq(Q) there holds 

f^ ufdx > ( JV(JV 4 - 4 >) 2 J a ^ dx+ c^M^X^rfx)^ . (1.9) 

iV — 2 

/" o iV 2 f |Vu| 2 f f 2N 2££=£l \ — 

(i) J (Aufdx > — J -^T dx + c yJ \^u\~ X^- 2 dxj , (1.10) 

Let us now give the following 
Definition 1.2 (Optimal Inequality) Suppose that for some potential V, we have for all u 6 C^{Q) , 

(Au) 2 dx> / ] —-^dx+ / \Vu\ 2 Vdx. (1.11) 

Jn 4 J n \x\ 2 J n 

We say that inequality il.llp is optimal, when there is no potential W ^ to make the inequality 

r n 2 r iVnl 2 r r 

(Au) 2 dx> — / t—l r dx+ / \Vu\ 2 Vdx + / \Vu\ 2 Wdx, (1.12) 
Jn 4 J Q \x\ z Jn J n 

hold true for all u £ C^°(0). 

We then have 

Theorem 1.3 (Improved Rellich inequality I) Let N > 5 and D > sup^g^ \x\. 
(\ ) Suppose the potential V ^ is such that 

VTXl~ N dx < +00. (1.13) 

Then there exists a positive constant b such that for all u £ C^(ft), there holds 

r j /y 2 r |Vul 2 I 

/ (Au) 2 dx > — / i— ±-dx + b / \Vu\ 2 Vdx. (1.14) 
Jn "4 J n \x\ 2 Jn 1 1 



If in addition b is the best constant, then inequality \1. 1$ is an optimal inequality. 
(\\ ) Suppose the potential W ^ is such that 



N 1-« 

W~ X l 2 dx < +00. (1.15) 
Then there exists a positive constant c such that for all u £ C^°(^l), there holds 

J (Au) 2 dx> f E^LzA Y J \^ dx + c J \ufvdx. (1.16) 
// in addition c is the best constant, then inequality H1.16\) is an optimal inequality. 
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The difficult part in the previous theorem is establishing that inequalities are optimal and we will do that 
in section 4. We can improve Rellich inequality differently and obtain 

Theorem 1.4 (Improved Rellich inequality II) Let N > 5 and D > sup^g^ \x\. Then for all u £ 
C£°(0), there holds 

Moreover, for each k = 1,2,..., the constant ^1 + JV ( j ^~ 4 ) ^ { s f ne jj es i constant for the corresponding 
k-Improved Rellich Inequality, that is 

N(N - 4) 



1 + 

8 

2 



fn( Au ) 2 *» - (^) f n ^dx- (l + ^) Efc 1 / n gU?Xf . . . Xf 



dx 



inf i = i . (1.18) 

uec§°(n) f n ^XfX%...X 2 k dx 

Theorem 1.5 (Improved Rellich inequality III) Let N > 5 and D > sup^g^ \x\ . Then for all 
u E Co°(n), there holds 

f^uf dx>^fj^dx + \±f^ X\Xl ...Xf dx. (1.19) 

Moreover, the constant is the best and similarly for each k = 1,2, . . ., the constant | is the best constant 
for the corresponding k-Improved Rellich Inequality, that is 

1 = . f In( Au ) 2 Efa 1 in ^XfXl ...Xf dx 

Next we consider higher order Rellich inequalities. When applying Theorems 11.51 II .41 we reduce the 
order by one or two. In doing so weights enter in our inequalities. For this reason we first consider second 
order Rellich inequalities with weig hts. For N > 5 and < m < holds that 

Au? ix £ /(iy + 2 m ) (j y-4-2 m )y r (1 . 21) 



In M 2m ~ V 4 J Jn M 2m+4 

while the corresponding improved inequalities can be stated as 

Theorem 1.6 (Improved Rellich inequality IV) Suppose N > 5, < m < and D > SUp^gf^ \x\ 
Then for all u £ Co°(f2), there holds 

(Au)^ ^ > nN + 2m)(N-4-2m)y f 



Q \ x \ V 4 J Jn Fl 



/, N9 (N + 2m)(N - A - 2m)\ ^ /" u 2 9 9 9 , . 
+ ((! + + " " ) E /„ |^+4 *f • • • Xf dx. (1.22) 
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Moreover ^ ( N + 2m )(^ 4 2m ) ^2 ^ g ^ g ^ gs ^ constant. Similarly for each k = 1,2,..., the constant (1 + m) 2 + 
(jV+2m)(jv-4-2m) ^ ^ constant for the corresponding k-Improved Hardy-Rellich Inequality, that is 

n2 (N + 2m) (JV - 4 - 2m) 
(1 + m) 2 + ^ ^ >- = 

r \Au\ 2 , / (iV+2m)(7V-4-2m)\ 2 r u 2 . „fc_L r M 2 v 2 y 2 2j 

« X ~ I 4 J Jf7 |xpm+4 UX — /i 2_, i=1 J Q | a .p m+ 4^1 ■ • • -Aj « OX 

inf ^ ^ 5 , (1.23) 

«sCg°<P) J n _uL^xl...Xldx 

where A = (1 + m) 2 + (^+2 m )(^-4-2 m ) 

On the other hand the weighted Rellich inequality of the form (|1.8|) reads: 
Theorem 1.7 Suppose N > 5 and < m < ^y 4 -. T/ien, /or a// u £ Cg°(fi), i/tere ZioZds 

A ^l 2 , f |Vn| 2 , , 

> Om.Af / , l9 . 9 dx, (1.24) 



, I™! 2m — ^"VV / \ rr \2m+2 

'n Fl Jn Fl 

where the best constant a m ^ is given by: 

^-^•'■>^ + -'-) + k(N + k-2]" 



4 

a m>A r := _ min ; — ^ — . (1-25) 

7V - 4 ~ 2m > +fe(JV + jfe_2) 



In particular when < m < ( jV + 4 )+ 2 v / A f2 jv+ i^ ^ g /iave 



N + 2m x 2 



whereas when i N + i )+ 2 ^ NI N + ± < m < we ^Q^e 



iV + 2m x 2 



< a myN < ( ^ 

In Theorem 16.61 we have a full description of how the constant a m .N behaves. Our next result is 



-{N+4)+2y/N 2 -N+l 



Theorem 1.8 (Improved Rellich inequality V) Let D > sup xg Q \x\ and < m < 
Then for all u £ Cq°(Q), there holds 

f \Au\ 2 , /iV + 2m\ 2 f |Vu| 2 , 1^ r lyd 2 „ - . 

Moreover for each k = 1,2,..., the constant \ is the best constant for the corresponding k-Improved 
Hardy-Rellich Inequality, that is 



r l A »l 2 Act ( N+2m \ f JVuji. 1 v fc-l f \Vu\ 2 y2v2 y2 J„ 

I Jn~\^™ ax [ 2 ) Jn \x\ 2m + 2 ax 1 2^i=i Jn [^psn^i ^-2 • • • ax 

inf ^ — - 2 . (1.27) 



4 «**<P) J n ^Wx 2 X 2 ...X 2 dx 
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In order to state our improved higher order Rellich inequality we set 



+ W -'-*»))" (1.28) 



x9 (N + 2m)(N-4-2m) 
a(m,N) = (l + m) 2 + - — ^ '-. (1.29) 



We then have 



Theorem 1.9 (Improved Higher Order Rellich Inequalities I) Suppose m G N, I = 0, • • • ,m — 

1, Am < N and D > sup^g^ Then for all u G Cq°(0) there holds 

(i) > n( (JV+4fc)( :- 4 - 4fc) )7^ g ^ 

+ E "(2*. ao n N ) E I ' k |4 t+ 4 *? • • • *. 2 ^ 

+ (^) 2 Ea(2«=-l,iV)nc(2 J+ l,iV)f; fj^fxf. ..Xfd, 

k=2 j=0 i=l 



4 ^-f Jo x 

i=i JSi 1 

Theorem 1.10 (Improved Higher Order Rellich Inequality II) Suppose m, I G N, 1 < / < 
-jv+8+2VJV^- jv±i > 4m < iV and D > sup xeC |x|. TTiera /or aM n G Cg°(fi) i/iere ZioZds 



(A-.,.* > n( (Ar+4 * )( 4" 4 " 4 *')' / n ( y ^ 



v ; fc=l j=0 V 7 i=l 1 1 

fc=l j=i V / j=i JU 1 1 

The paper is divided in two parts. In the first part we deal with the biharmonic operator, while in 
the second part we deal with the polyharmonic operator. More precisely, in Section 2 we prove some 
identities and inequalities to be used widely in the sequel; the main tool for this is decomposition into 
spherical harmonics. In Section 3 we prove Theorems ll.il HTH and lLKl while in Section 4 we prove that 
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the constants appearing in certain inequalities are the best and complete the proof of Theorems 11.41 and 
11.51 In Section 5 we state necessary conditions for the improvement or not of inequalities (|1.6j) . (|1.8j) . In 
the two Sections of Part II we actually prove Theorems 11.61 to 11.101 

Notation: Sometimes, for the sake of the representation we use the following quantities 



related to lfO|) and (fTTHf) . 

PART I. THE BIHARMONIC OPERATOR 

2 Preliminaries 

In this section we establish some abstract relations to be used in the sequel. In the first part we prove 
some useful identities while, in the second part we apply spherical harmonic decomposition in order to 
prove certain inequalities. Throughout this section £1 is an arbitrary domain (bounded or unbounded). 

2.1 Preliminaries Identities 

Lemma 2.1 Let N > 3, a < N — 2 and B E C 2 [0, +oo). Then, for any u G C^°(Q), we have the identity: 



Proof Observe that for a < N - 2 we have that A ^ « 2 £ ^(O) and V ^ Vu 2 G L x (0). In 







virtue of the identity 



Vw 




wAw 



(2.1) 



it suffices to prove that 




(2.2) 



If we write 
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and using the limits 

d (B{r) 



JdB £ du V r a 



u 2 ds 



<C£ 



N-2-a 



and 



B{r) 8 _ 2 



!dB e ra dv 

as e — ► 0, we obtain that ()2.2|) is true. Thus, the proof is completed. ■ 



u ds 



Lemma 2.2 Let N > 4 and < a < For any u G C$°(n) we set v = \x\ a u. Then, the following 

equality holds. 

[ \Au\ 2 dx= [ \x\- 2a \Av\ 2 dx - ia(a + 2) f \x\- 2a ~ A (x ■ Vvf dx 
Jn Jn Jn 

+2a(a + 2) / \x\- 2a ~ 2 \Vv\ 2 dx 
Jn 

+a(a + 2)(-N + a + 2)(-N + a + 4) f \x\- 2a ~ 4 v 2 dx, 

Jn 

Proof We have that 

f \Au\ 2 dx = [ \x\- 2a \Av\ 2 dx + 4a 2 f \x\- 2a - 4 (x ■ Vv ) 2 dx 
Jn Jn Jn 



(2.3) 



+ (-aN + a{a + 2)j J \x\- 2a - V dx + h + J 2 + h 



(2.4) 



where 



h 


: = 2 


/ f 






'n 


h 


:= 4 










h 


:= 4 


/ V|x 






In 



Following the same procedure as in the proof of Lemma l2.ll (having in mind also that |u| < Ix^HkHoo) we 
obtain that 



-2a-4„,2 



v dx 



I x = a (-N + a + 2)(2a + 2)(-N + 2a + 4) / \x\ 

Jn 

-2^-aN + a(a + 2)^ J \x\- 2a - 2 \ Vv\ 2 dx, 

h = 4o(-2o-2) f \x\- 2a - 4 (x-Vv) 2 dx + 2a(-N + 2a + 4:) [ \x\- 2a - 2 \Vv\ 2 dx, 
Jn Jn 

h = 2a 2 (-iV + a + 2)(-iV + 2a + 4) / \x\ 

Jn 



- 2a ~ A v 2 dx. 



Then, from (J2.4|) we conclude ()2.3|) and the proof is completed. ■ 

Using the previous lemma we may easily obtain the following result, concerning the relation between 
I, I, J, J. 

Lemma 2.3 Let N > 5, u £ Cg°(0) and v = \x\( N - 4 ^ 2 u. We have that: 



n F 



n 



N-4 



\x\ N \v\ 2 dx, 
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it) I |Au| 2 dz-(^^) jJpdx = J\x\-W-*\Av\*dx- 



—N(N — 4) / |xr JV (x- Vv)^dx + 



-(AT-2) 



|Vv| 2 <2x, 



/" i a ,2 , ^ 2 /" |Vn| 2 , 
/ |Au| ax — / — — — dx 

Jn 



f^dx = I 
4 Jn \x\ 2 Jn 



x 



< N -V\Av\ 2 dx- 



-N(N-A) [ \x\- N (x.Vv) 2 dx+ N{N A 8) / \x\-( N -V\Vv\ 2 dx, 
Jn 4 Jn 



2.2 Preliminaries Inequalities 

The decomposition of u and v into spherical harmonics will be one of the main tools in our investigation. 
Let u G Co°(fi). If we extend u as zero outside we may consider that u G C^°(IR iV ). Decomposing -u 
into spherical harmonics we get 



u 



k=0 



k=0 



where (j) k (a) are the orthonormal eigenfunctions of the Laplace-Beltrami operator with corresponding 
eigenvalues c k = k(N + k — 2), k > 0. The functions f k belong in Cq°(Q), satisfying f k (r) = 0(r k ) and 
f'k( r ) = 0(r k_1 ), as r I 0. In particular, ^o(c) = 1 and Uo(r) = f 9B uds, for any r > 0. Then, for 
any k G N, we have that 

Au fc = (A/ fc (r) - ^^Wa) 



so 



In addition, 



/ \Au k \ 2 dx= [ (Af k (r)- C -^ 
Jrn J r n V r 2 

\Vu k \ 2 dx = [ (\Vf k (r)\ 2 + c k $P-)dx. 



(2.5) 



(2.6) 



AT N — 4 

Next, we assume the function v G Cq°(M \{0}), such that v = \x\^~u. From the definitions of u and 
v, we may write that 



u 



k=0 



k=0 



k=0 fc=0 



where f k = r 2 +k 9k, with g k ~ and ~ at the origin. More precisely, we may prove that the 
following identities hold, for any k G N. 

/ |An fc | 2 dx = f r 2k ~ N+i \Vg k \ 2 dx + f N{N - 4) + 2fc(iV - 3) + 3^ /" r 2fc " w+2 | V 5fe | 2 dx 
'r^ Jr w V 2 / Vr^ 

(^Zil) 2 + ^Zilfe + *»)] ^ta).* (2.7) 



/ 

Jr n 



\x\ 2 |Vnfc| 2 dx 



„2k-N+2 



\Vg k \ 2 dx + 



AT-4 



+ k(N - 2) 



„2k-N/ n \2 



(g k ) 2 dx, (2.8) 
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" 2k - N+4 \Vg' k \ 2 dx + ( N{N 4) + 2k(N -3) +3] [ r 2k - N+2 \Vg k \ 2 dx 

V 2 J J R N 



+ 



N(N - 4) 



(c fc + k 2 ) 



r 2k - N (g k ) 2 dx, 



R N 



(2.9) 



= / ^+ 4 |V^| 2 ^ + f (2fc + N — 1)(N — 3) — ^ 8) ) / r 2k - N + 2 \Vg k \ 2 dx 
Jr n V 4 / V 



+ 



7V(3iV-8) 2 M7V-8) 



j 

Jw 



r 2k - N (g k ) 2 dx, (2.10) 



/ r^ N ^\Av k \ 2 dx = [ r 2k ~ N+4 \Vg' k \ 2 dx + (2k + N-l)(N-3) [ r 2k ~ N+2 \Vg k \ 2 dx, (2.11) 
Jr n Jr n Jr n 

j r -{N-2)\ Vvk] 2 dx= j r ^-N+2\ Vgk] 2 dx + k{N _ 2) f r 2k-N {gk) 2 dx ^ 

Jr n Jr n Jr n 

I r- N (x-Vv k ) 2 dx= [ r 2k - N+2 \Vg k \ 2 dx-k 2 [ r 2k ~ N (g k ) 2 dx. (2.13) 
Jr n Jr n Jr n 



Let k = 1,2,... and V(\x\) £ C^QO, +00)). The following relation 

/ V(\x\)\x\- 2 \Vu k \ 2 dx= [ V(\x\)\x\- 2 \Vf k \ 2 dx + c k j V(\x\)\x\- A f 2 dx. 

JR N JR N JR N 

implies that 

f V(\x\)\x\- 2 \Vu k \ 2 dx= [ r 2k+2 - N V(\x\)\Vg k \ 2 dx + 
Jr n Jr n 



+ 



iV-4 



+ k(N - 2)1 f r 2k - N V(\x\) g 2 k dx+( 

. Jr n V 



7V-4 



_ k \ 1 ^k+l-N v i(\,.< ■ ,2 



2 / J Jrn V 2 

Also, as an immediate consequence of the Hardy inequality, we have the following relations. 



V'{\x\)gidx. (2.14) 



/ r 2k+ \g' k ') 2 dr > (k + l) 2 / r 2k+ \g' k ) 2 dr, 
Jo Jo 

POO poo 

/ r 2k +\gi k ) 2 dr > k 2 r 2k ^g 2 dr. 
Jo Jo 



(2.15) 
(2.16) 



Observe that in the case of a bounded domain £1, all the obtained equalities remain true if we assume Bd, 
with D = sup X £d\x\, instead of M N . 

In the remaining part of this section, using the decomposition into spherical harmonics, we establish 
certain inequalities concerning I[u] and I[u\. 

Theorem 2.4 Let N > 5, u £ Cg°(0) and v = \x\^ N - A ^ 2 u. Then 

( N(N - 4) x 2 



/) / |A-u| dx 
In 



V 4 J J n \x\ A 



2 dx > (a+ N{N ~ A) ^ Jjx\-^\Vv\ 2 dx. (2.17) 
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Proof i) It suffices to prove, by using (|2.9|) . H2.12|) and (|2.15j) . that the following inequality 



(k + N -2f 



N(N - 4) 



k(N - 2) 4 + 



4 + 



N(N - 4) 



r 2k+ \g' k ) 2 dr> 



N(N-4)\ N(N-4) 



holds for any k = 1, 2, .... or equivalently 

(k + 2N- 4j r 2k+1 (g' k ) 2 dr > 



(k 2 + c k ) 



4(iV - 2) - kN(N - 4) 



r 2k -\g k ) 2 dr, (2.19) 



r 2k ~H9k) 2 dr, 



which is true since 



2 4(N - 2) - fciV(7V - 4) 



k > 



fc + 2N - 4 



for k = 1,2,... and TV > 5. 

ii) Prom Lemma 12.31 we deduce that 



N 1 



Iq[u] =Iq[u] - -— / Ixr^lVt-l 2 ^. 
4 Jn 



Then, the result follows from (|2.17j) . ■ 

Lemma 2.5 Let N > 5, u G C^°(0) an<i f = |x|^ _4 - l//2 ti. Then, the following inequalities hold. 

I \x\ 4 ~ N \Av\ 2 dx>N(N -4) I \x\~ N (x ■ Vv) 2 dx + 4 [ \x\ 2 ~ N \ Vv\ 2 dx (2.20) 
Jn Jn Jn 



[ \x\ 4 - N \Av\ 2 dx>2(N-2) 2 ( [ \ x \~ N { x .V v ) 2 dx-\ [ \x\ 2 ~ N \ Vv\ 2 dx) . (2.21) 
Jn \Jn 2 Jq J 

Proof Inequality (|2.2U|) follows Theorem l2.41 while (|2.21f) follows from (|2.20f) and the following inequality 

/ \x\- N \x-Vv\ 2 dx-- [ \x\ 2 - N \Vv\ 2 dx< 
Jn 2 Jq 

N(N-4) [ \x\~ N \x- Vv\ 2 dx + 4 [ \x\ 2 ~ N \ Vv \ 2 dx 
Jn Jn 



2(N-2) 2 

An immediate consequence of the inequality (|2.21|) is the following result. 
Corollary 2.6 Let N > 5, u G Cg°(fi) and v = \x\( N ~^/ 2 u. Then 



\Au\ 2 dx 



fN(N-4)Y f £ A 2 



... V 1 J Jn W 4 "~ \2 ' (AT- 2)2 y .,<> 



Theorem 2.7 LetN>5,u£ C$°(n) and v = \x\ (N - A ^ 2 u. Then 



(2.22) 



\ J \x\-( N ~^\Av\ 2 dx. (2.23) 



\Au\ 2 dx 



N 2 f |Vu| 



2 / iV-4 

- dx > 



2{N - 2) 



|x|-^- 4 )|At;| 2 d2:. 



(2.24) 
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Proof Using the identities (|2.1U|) and Q2.11JI we have that (|2,24|) holds if the following inequality 

/■OO POO 

A:= / r 2k+3 (g'£) 2 dr + (2kN -Gk- 1) / r 2k+l {g' k ) 2 dr 
Jo Jo 

+(N - 2) 2 {k 2 + §^- 8 c k ) r^gl dr > 0, 
is true for any k G N. Taking now into account (|2.15|) and (|2.16|) we deduce that for any k G N holds that 

/•oo 

A > A{k) / r 2k ~ x g 2 k dr, 
Jo 



where 



AT Q 

A(k) = k 2 (k 2 + 2kN - 4k) + k(N - 2) 2 {k + — (k + N - 2)). 

3N — 8 



It is clear that A(k) is an increasing function for positive k, with ^4(0) = 0. Thus, A > 0, for any k G N 
and the proof is completed. ■ 

3 Hardy- Sobolev and Improved Inequalities 

In this section we prove certain Hardy-Sobolev-type inequalities and we establish some improved Hardy 
inequalities. Throughout this section we assume that N > 5, f2 is a bounded domain and D = sup x ^\x\. 
We extend any u G Cq°(Q) as zero outside so we consider that u G Cq°(M> n ). We then define uo(r) := 
]dW~\ Job nc ^ s > f° r an y r > 0. It is clear that no G Cq°[0,D). 

Theorem 3.1 Let f2 be a bounded domain, D = sup x ^n\x\ and u G C^°(0,). Then, 

In[u}>lB D [uo} + 8{N ~ 1 ^f_~ ) l N ~ 2) JjA(u-u )\ 2 dx. (3.1) 

Proof Observe that In[u] = Lb d [uq] + Y1T=i ^B D [uk]- It suffices to prove that for any k = 1, . .., holds that 

. . 8(N- l)(N 2 -2N -2) f . . l2 , 
Ib d [M > J ( ^ 2 _ 4)2 / lAn,! 2 ^. 



Assume that the following inequality holds 

lB D [uk] > a \Au k \ 2 dx, 
Jb d 

for some < a < 1 and any k = 1, 2, .... Taking into account (|2.7|) and (|2.9|) we obtain that 



[ r 2k-N+^ Vgll 2 dx+ L + 2k{N _ g) + N ( N 4 ) ^ /" r ^-iV+2| Vff |2 da; > 



Using now (|2.15|) and (|2.16l) we deduce that a < G(k), where 

k 2 ( 3 + 2k(N - 3) + (Jfe + l) 2 + + ( 2/,- 2 + k{ X - 2 ) 

G{k) 



( N(N-4) 

V 4 



\ +k 2U + 2k(N-3) + (k + l^ + ^^]+^^(2k^ + k(N-2)\ 



However, G(k) is an increasing function for k > 1. Hence, a = G(l) = 8 ^ jV ny^zg^r^ 2 ^ and the proof is 
completed. ■ 
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Lemma 3.2 Let uq £ Cg°([0, D]). Then, the following inequality holds 



2N 2JV-4 \x\ 

Ib d [u ]>c( I \u \n-*X n-4 (jj)dx 



B 

for some positive constant c. 

Proof Assume that D = 1. From (|2.23f) we have that 

Ib d [uq] > c \x\ 4 - N \Au \ 2 dx = c I r s (n + 

JB X 



N-4, 
N 



N — 1 i 



u I dr 



r 3 (u Q ) 2 dr + (N-l)(N-2) / r(u ) 2 dr 



Bi 



(Vu' ) 2 dx + (N - 1)(N - 2) 



/ ^2 



dx 



Applying now the Hardy inequality we have that 



(V«q) 2 dx > 



Bi 



4-2 



/ \2 



K) 



Bi 



dx > c r ( n o) 2 dr. 



So, from (|3,3|) and (|3.4|) we obtain that 



r [u ] >c f r(u' 
Jo 



■ dr. 



Next, we consider the following inequality 



/ r(u ) 2 dr > chu^r^X 1 ^' 2 ^) drj 



(J 



which is implied from |Mll Theorem 3, p. 44] with X{t) = (—logt) , dv = rx\o,i]dr an d d\i 



r X a X[o,i]dr. Setting now q 



2N 
iV-4' 



ft 



2JV-4 
JV-4 



and taking into account (|3.5|) we conclude that 



JV-4 

2N 2N- i \ N 

I[u]>c[ I I tio I N -*X N -* dx 



Following the same arguments we may prove that ()3.7|) holds for any Bq, D > 0. 
Using now Lemma 13.21 we prove inequality (|3.2|) for every u G Cq°(0). 

Proof of 11. 9\) From inequality (|3.1|) we have that 



I(i[u] > Ib d [uq] + c \A(u - u )\ 2 dx. 

JBn 



B D 

The Sobolev imbedding and the fact that X is a bounded function imply that 



/ |A( 

Jb d 



u — uq)\ 2 dx > c( / |it — uo| JV_4 



JV-4 
N 



B D 



2N 2N-4 \x\ 
> c\ I \u - Uq\ N-iX (J_L) rf X 



JV-4 
N 



(J 
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Then from (|3.2|) . (|3,8j) and (|3.9j) we conclude that 



JV-4 N-4 
2N 2JV-4 \ N I f 2N 2N-A \x\ \ N 



Iq[u]>c[ I \u\ N ~*X N ~ 4 (j^)dxj =c \l H N - 4 X (Lj)dx 



Theorem 3.3 Let Q be a bounded domain, D = sup x ^n\x\ and u £ Cq°(0,). Then, 

A(N - 1)(N 2 - AN - 4) f o 
HnM>lB fl N + - { N2_ A) 2 1 j B \Hu-u )\ 2 dx. (3.10) 

Proof Using the fact that In[u] = Ib d [uq] + YlkLi ^b d [uk], it suffices to prove that for any k = 1, 
holds that 

„ . . 4(iV-l)(A^ 2 -4A^-4) f IA l2l 
Ib d [«*] > _ 4)2 ^ |Au fe | 2 o!x. 

The result follows from and (HTTPl) using (l2~TT)l) and (t2~TBT) . ■ 
Lemma 3.4 Lei no £ Cg°([0,-D]). T/ien t/ie following inequality holds 

N-2 

I f 2N 1 N T \ ^ 

W«o]>c(j^ |Vno|^X 1+ ^(U)dxJ , (3.11) 
/or some positive constant c. 

Proof Assume that D = 1. Making some simple calculations we may obtain that 

I[u ] = fr N -\ul + ^u' fdr-^- f 1 r N -\u' fdr 



o 



(u'o) 2 dx - ( ——) I (u' ) 2 dx 



Bi \ ^ J JB 



„ l2 , /A^-2\ 2 /■ u; 2 , 
Vii; dx - — - — / — pr dx, 

' V 2 y y Bl |x| 2 

where to = u . Using now the following inequality (see |FT1 Theorem A]) 

n fN-2\ 2 f w 2 ( f , ,_2iv_ 1 | A 

Vmrdi- / i—To^^c / w 37=3 dx 

Bi ' V 2 / Jb 1 pr V./n 

which hold for any u; G Hq(Bi), we obtain that ()3.11j) holds for any u(r) £ Cq°(Bi). Then, following the 
same arguments we may obtain that (|3.11|) hold for any Bp, D > 0. ■ 

Proof of il.lO\) As in the proof of IJ1.9JI the result is a consequence of Proposition 13.31 Lemma I3.4I and of 
the following inequality 

N-2 
2N \ N 



/ \A(u-u )\ 2 dx > c( / |Vu - Vii |^- 2 dx ) 
Jb d \Jb d J 



II 2JV -i , N \x\ 

> c / |Vu- Vu \ — X 1+ — C~^)dx 
which is implied from the Sobolev imbedding and the fact that X is a bounded function. 



N-2 

N 
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Proof of Theorem \l-4\ Inequality ()1.17j) is an immediate consequence from Proposition 12.41 and Inequality 
(jl.3|) . The fact that ^1 + N ^ 4 ^ is the best constant will be establish in Section 4. ■ 

Proof of Theorem \1.5\ We decompose u into spherical harmonics. Then, the result is an immediate 
consequence of JTHJ), {22) and RTTty . with V(|x|) = \{N 2 + Xj{^) . ..X 2 {^)). The fact that ^ and \ 
are the best constants will be establish in Section 4. ■ 



4 Best Constants 

Throughout this section we may assume that Q is a bounded domain, such that i?i(0) C 0, and N > 5. 
We initially establish that the constants appearing in the inequalities of Section 2.2 are the best ones. For 
some e > and < a\ we introduce the minimizing sequences u e and v e to be defined as: 

JV-4 jy-4 

u £ := r 2 +e X 1 2 <p(r), v £ := r 2 u e = r e X 1 2 <f>(r), 

where X\(t) = (1 — logi) -1 and 4>{r) G Cq°(Bi) is a smooth cutoff function, such that < (j) < 1, with 
(j> = 1 in 

Lemma 4.1 ^4s e — > + and a\ — > + , we /iawe 

1 /" l„|2-JV|r7..e|2 J -l + Ol /" -l+2e v-l+ai 



i) — / |xr- JV |V^T^ = — L / r-^X^^Mdr + Ori), (4.1) 

cjv Jn 4 Jo 

ii) 1- /" | x |4-^V| Av f dx = _zi±^i (A r_ 2 ) 2 f r 2 ^X\ +a ^ 2 dr + 0{l), (4.2) 
cjv Jn 4 Jo 

/// ] — / |x|- 2 |Vn e | 2 (ix = -^^i C r^- l X\ +a ^ 2 dr 



cn Jn 4 
/iV-4 x2 ^ 







+ (^) / r 2e - 1 Xr 1+a V 2 ^ + 0(l), (-.1.3) 







i«) — / |Anf <fe = l±^l(N 2 -AN + 8) C r^- l X\ +a ^ 2 

cn Jn 8 Jo 

fN(N-4)^ 2 rl 



+ 



( V 4 ^ r 2 - 1 X 1 - 1+ai 2 dr + O(l), (4.4) 

(4.5) 

w) — J[n e ] = - ~ 1 ^ Ql (iV 2 -4iV + 8) / r 2 ^ 1 X 1 1+ai ^» 2 dr + 0(l), (4.6) 
cat 8 Jo 

m) — I[u e ] = - "^t — ( N ~ 4 ) 2 / r 26 " 1 ^^ 01 ^ 2 dr + O(l), (4.7) 



ctv 16 
where cat i^e volume of the unit sphere in R . 

Proof The conclusion follows from the properties of the functions X±, <f> and standard arguments based 
on integration by parts which also imply that 

e C r- 1+2£ Xf 1+ai <p 2 (r) dr = - ~* + Ql / r-- 1+2e X? 1 2 (r) dr + O(l) 







and 

2e / r~ 1+2e X? 1 (f) 2 (r)dr = -a 1 [ r~ 1+2e X\ +ai (f) 2 {r) dr + O(l). 
•/ Jo 
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Theorem 4.2 The quantities 

N(N — 4) 

i) 4 H ^— in inequality \2.1Tj) , 

, 1 2 __. 

— h — — rrr m inequality 12.231) . 

2 (W — 2)^ 

/jV_4\ 2 
mj I — - — j in inequality h2.18\) . 

iv) 2{N - 2) 2 in inequality hJTM) . 

^ 1 2(N- 2) ) m mequahty 1±±# > 
TV 2 

— ^— in inequality hi. 8(1 . 

are the best constants. 

Proof i) Relations (|4.1() and (J4.6|) imply that 

_ ^i{N 2 - 4iV + 8) Jq 1 r^4^V dr + O(l) 

/ n |x| 2 -^|Vt; e | 2 d2; ~ JjJ r -l+2e X l+ai ^2( r ) dr + 0(1 ) 

JVYJV-4) 

-> 4 H - -, 

2 

as e | and ai J, 0. In the same way the conclusion follows for the cases ii) - v). For the last case, observe 
that 

/„ r 2e - 1 Jirr 1+< V dr 

— — > DO 

tir 2 ^xl +ai (f> 2 dr 
as e I and a J. 0. Then, from (|4.3|) and Q4.4|) we derive that 

/n | A . f dx ^(^ 2 " 4iV + 8) r^X\^ dr + (^) 2 Jo r^X^cf 2 dr 



r l v » £ l 2 ^ / \ 2 



c/> 2 dr 



iV 2 
4 : 



as e | and ai J. 0. ■ 

Next we complete the proofs of Theorems 11.41 and 11.51 We introduce the minimizing sequences for the 
k-Improved Hardy-Rellich inequalities. For small positive parameters e, a\, 02, we define 

jV-4 ~ 1 + a l - 1 +"2 ~ 1 + a k 

u(x):=w(x)<j){\x\), w{x):=\x\ — ~ +t X 1 2 X 2 2 ••■X fe 2 , 

where <^> is the previous test function and X m = Xx(X m -i), m = 2,...,k. To prove the results we shall 
estimate the corresponding Rayleigh quotients of u (|1.18|) . I)1.2fl|) in the limit e — > 0, ai — > 0, a& — > 
in this order. 

In the sequel we shall repeatedly use the differentiant rule 

jX? (t) = ^X X X 2 ■ ■ ■ Xi-xXl+P, (3 + -1, i = 1, 2, 
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and with integrals of the form 



Q 



r -i +2ejf . . . xl^^ir) dr. 



For this we notice that 



e > 0, or, 

e = and f3\ > 0, or, 
Q < oo ^ I e = 0, /3i = and /?i > 0, or, 

k e = 0, A = 0, .., /3 fc _! = and k > 0. 
Also as we pass to the limit e — > 0, ai — > 0, at ^ we have 



/ |An| 2 dx = / \Aw\ 2 (f> 2 dx + 0(l), 
Jn Jo, 



J 

Jn 



\x\ 



|Vn| 2 v2 v2 



In M 2 1 
It is not difficult to see that 



Xt---Xfdx = 



n Fl 
|Vu;| 2 



: cix + 0(l), 



2 

2 -X 1 2 ---X 2 2 dx + O(l), i = l,...,fe. 



/ 



n Fl 



jV-2 - 1 + n 2 ~ 1 + a fe 

Vw(x) = |x| — — +t X 1 2 X 2 2 ■■■X k 2 



N-4 1 . , 
— + e + ^v(x) 



x 

\x\ 



where rj(x) = (-1 + oi)Xi + (-1 + a 2 )XiX 2 + ... + (-1 + a fe )^i ■ • • ^fe and 



1 JV -!+ a 2 -1+Qfc 

Au,(s) = i |rr|-T+^ 1 2 X 2 2 • • • X k 2 



-N(N - 4) + 8e + 4e 2 + 4(1 + e)rj(x) + r] 2 (x) + 25(x) 



where 



= (-1 + ai )X 2 + (-1 + a 2 ){X 2 X 2 + X 2 X|) + . . . 

+ (-1 + a k )(X 2 X 2 ...X k + ... + X 2 X 2 ■ ■ ■ X 2 ) 

= Eti(-i + a t )x 2 ...x 2 + Et 2 E}=l(-i + ^x 2 ■ ■ ■ x]x j+1 ... x { 

= Eti("l + a t )X 2 ...X 2 + Et J+ i(-l + aO^i 2 ■ ■ ■ X 2 X J+l ■ ■ ■ X t 



Note also that 



and 



rrj'(r) = B(r) 



k k-i k 

V 2 (x) = £(-1 + a,) 2 X 2 • • • X 2 + 2 E (- 1 + a *)(" 1 + a i) X l ■ ■ ■ X J X i+i " " " X * 

i=l j=\ i=j+l 



18 



February 2, 2008 



A. Tertikas & N. B. Zographopoulos 



Then we have that 
fa \ Au \ 2dx 



f J£! 
JQ \x\ 

+2(1 + e) 



N(N-4) 
4 



+ 2e + e 2 ) 2 + (l + e)V + (i^ + ^) 2 



N(N-4) 
4 

1-2 i 1 



+ 2e + e 2 r? + 2 



+2(l + e)(±r, 2 + ±i?)77 



.^ + 26 + ^1(^ + 15) 



1 



+2(1 + e) 



.M^zl) +2e + e 2) +(l + e )V 



4 

N(N-4) 



+ 2e + e 2 77 + 2 



iV(JV-4) 



+ 2e + e 2 )<\r? + \B) 



dx + 0(l), 



fn ^$~ x i ' " " x f dx ~ fn fi 



l-x+ 



7V-4 



+ e + 



7V - 4 + e )r? + ^ 2 



Xl---X?<f? dx + 0{l), 



fn W X " ■■■ X ! dx = fn W x l ■ ■ ■ x f + 0{1)- 
An important quantity that appears is 

k fc-i fe 



E°^-E E (i-^or 

i=l j=i+l 



K) ! 



1=1 



where 



^i(oi)---ajfc) - 



/ r- 1 ^" 1 • • • X i 1+ai X i ; 1 1 +ai+1 • • • X k 1+a »<j> 2 dr, i = l,...,k 
Jo 



ryK.-.a*) := f\- 1 X\ +a ^--Xl + ^X^---X^X-l^...X k l+a ^ 2 dr, i < j. 

J 

We will pass to the limit initially a\ — > + and then 02 — > + , a^—i — > + . In passing to the limit we 
will use identities similar to the ones used in Step 8 of BFTj . in particular we have 



01 Ai = / {X^)' X 2 1+a2 ■ ■ ■ X- 1+ak (j) 2 dr = - yV-l + Oj-jry + 0(1), as 01 | 0. 

7 " 3=2 



Therefore, 



- j] E ( x ~ a i) r ^' = E a ^ - E E ( 1 ~ a ^ r v + as 01 J- 

i=l j=i+l i=2 i=2 j=i+l 



(4.8) 



8=1 



Then we pass to the limit a\ — ► 0, in the right hand side of (|4.8|) . Again we use the identity 

a 2 A 2 (0,a 2 ,...,a k ) = f {X?)'X~ 1+a * ■ ■ ■ X~ 1+a ^ dr 

Jo 



^(-1 + 05)1^ + 0(1), as a 2 I 0. 

i=3 
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and therefore by iterating the previous procedure we pass to the limit a 2 — * + , a k -i 
k fc-i k 

aiAi -J2 a ^ T v = a kM0, 0, • • • , 0, a k ) + 0(1), 



+ to conclude 



i=l 



i=l j=i+l 



(~<k 



[ r- l X l X 2 ---X k _ 1 X k 1+ak cl) 2 dr + 0{l),Hsa k i{). (4.9) 
J o 



Completion of Proof of Theorem \1.4\ We use the previous test functions to conclude that 



R[ u ] ■= f \Au\ 2 dx 



( N(N-A) 
\ 4 



In - (l + ^1 j Jn g^ 2 • • • V d, 



6 2 (2 + 6) 



2 _ N(N-4) 



_ e (2 + e ) + 2 (l + e ) 



N(N-4) 



+ 2e + e 2 )r] 



8 2 
N(N-4) \ Y 2 



jVYJV-4) 



+ 2e + e 2 B 



; dx + 0(l), 



rdfc 



e 2 (2 + e)2 _ A[(^ e(2 + e) 



+2(1 + e) 



N(N-4) 



+ 2e + e z r? + 1 



N(N-4) 



+ 3e + § e 2 t? 2 



+ 



N(N-4) 



+ 2e + e 2 \B- 1 + 



N(N-4) 



) Eti ^i 2 • • • * 2 ] 2 ^ + o(i), 



But 



2e 



,-l+2e^~ l+oi 



X fc 1+afc ^ 2 (r)(ir 



J o 



2e^ y-l+ai _ _ _ j^-l+afc \/^2 



)'^(r)dr + 0(l) 



/■ i+^Xf 1+ai • • • X-' +ak r]<f z {r)dr + O(l). (4.10) 



-l+at i2/ 



and 



2e / r -l+2ey-l+a! ... X -l+a fc ^2 



ry^> (r)<fr 



r -l+2e^-l+ai 



,-l+2e^-l+ai _ _ _ j^-l+afc R ^2 



Xr 1+afc r? 2 2 (r)dr 
(r)dr + 0(l). 



(4.11) 



Therefore 



+ | _!_iV(iV-4) +2e + e 2 U? 



e a + e 4 + (6 + 2e)e 2 r/ + ( 3e + |e 2 rj 2 



N(N-4) 



; dr + 0(1), 



passing to the limit e — > 0, we obtain 



cjv L J 



1 + 



N(N-4) \ f l -lv-X+ai 



A + 7V(iV-4)^ /q 1 ^Ijfl+O! . . . X l + a k(j)2 dr 



: dr + 0(l) 



(l + ^)/ 1 r- 1 X-^ 



Z)f=i ^x 2 • • • x 2 + 



'dr + 0(1). 
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or 



-R[u] 



1 + ^>U* 



1 + 



JV(JV - 4) 



\ ✓ k k — 1 k \ 

(E°^-E E( 1 - a i) r v)+ c, ( 1 )- 

' M=l i=l j=i+l ' 



However, we can pass to the limit a\ \ 0, ...a^-l I see <|4.9|) . to conclude that 
1 



CAT 



N(N - 4V, 
1 + — ^ ) a k A k + 0(1), as a k | 0. 



The Rayleigh quotient now of (|1.18|) is smaller or equal than 



1 + 



N(N-4) 



A k -[l + 



N(N-4) 



a k A k + 0(1) 



A k 



1 + 



JV(JV - 4) 



since A k — > do, as a k I 0. ■ 

Completion of Proof of Theorem M.FA Once more we use the same minimizing sequence to conclude 
J n \Au\ 2 dx - f / n W<ir - I Eti 1 Jn S^ 2 -X?dx = 



^p-"* 4 z^j=i jn |x| 

^/o^ 1+2e ^r 1+ai ---^r 1+afc 



.^)+2 e + e 2 ) +(l + e)V 



+2 (i + e) (-^Vzi) +2e + e2 



TV 2 / JV-4 



+ e 



^ + 2(-^ i + 2 e + e 2 )(ir ? 2 + ii?) 



c N Jo r- 1+2£ ir 1+2ai • • • X7 1+2ah 



+ 



/ 7V(jV-4) 2 
I s 



N{N-i) z 



e+ 4 



2 dr + O(l), 

N(N-A) N 2\ c2 | ^3 | c 4 



+ 4 



AT (JV-4) N 2 



^ e + 6e^ + 2e J 77 



+ 1 1-^-^+36+1^^ + 



N(N-4) 



+ 2e + e 2 \B 



dr + 0(l), 



We now use identities (|4.1U[) . ()4.11j) and passing to the limit e — > 0, to conclude that 

fe-i 

s + ^xf-.-x 2 

i=l 

\ z / k k— 1 A; \ 

J C7v(E«^-E E( 1 - a ^i)+°( 1 )- 

' M=l i=l 7=1+1 ' 



1 /JV-4 



1 /JV-4 



1 /JV-4 S 



! dr + 0(l), 
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As before, using (|4,9j) we can pass to the limit a\ [ 0, ...Ofc_i [ see (|4.9|) . the Rayleigh quotient now of 
(jl.20j) is smaller or equal than 



? * 4' 

A k + 0(1) 



since A k — > oo, as a k I 0. ■ 

5 Existence of minimizers in 

In this section we assume certain improved inequalities (jl.6|) , (|1.8|l in v-terms and we prove the existence of 
minimizers, in some appropriate weighted spaces. Assume that Q C f w is a bounded domain containing 
the origin and N > 5. We introduce the space Wq ,2 (Q, Ix) - ^ -4 )) to be defined as the closure of the Cq° 
functions with respect to the norm 



[ |x|- (7V - 4) |At;| 2 (fx+ [ \x\- N \x-Vv\ 2 dx+ [ \x\^ N - 2 ^\Vv\ 2 dx 
Jn Jn Jn 

+ / \x\~ N v 2 dx. (5.1) 
Jn 

It is clear that W ' 2 (£i, Ixl - ^" 4 )) is a Hilbert space with inner product 

<</>,?/, >VK : = J |x|- (7V - 4) A0A^dx+ f \x\~ N (x-V(j)){x-V%l))dx 
Jn Jn 



+ / \x\- (n ~ Z) V(/)-Vipdx+ / \x\-"<j>il>dx. 
In Jn 



Lemma 5.1 i) If u € H$(Q), then v = \x\—%l £ Wq' 2 (Q, Ix]"^" 4 ); 
ii) Ifve Cg°(n), then u = \x\~ a v G flg(n), /or a < N ~ 4 



2 

T2( 



Proof i) Let u £ Hq(Q). Hardy's inequality (|1.6|) implies that 

2 



U 

n ' Jn \ x 



x\ N \v\ 2 dx= I - — rj dx < oo. 



In this direction, from relations (|2.17|) . (|2.23|) we deduce that 

\x\- (N - 4) \Av\ 2 dx < c x I[u] < oo, 



j 

Jn 



n 



for some positive constants ci, C2. Hence < oo. 

ii) Let v e C^(n) and u = \x\~ a v, for a < It is known (see [FT]) that 



U-E^l\ 2 J \ x \-^-Wdx< J |x|- 2fe |V^| 2 (5.2) 
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for any w 6 Cq° and b < — 5— ■ Inequality Q5.2JI for 6 = a + 1, a < — 5— , implies that 

2 



iV -4 



2 / Jn 

Hence, from (|2.3j) and (|5.3|) we conclude that 



x\~ 2a - A w 2 dx< / |xr 2a - 2 |Vu;| 



(5.3) 



|An| 2 dx < C„ 



< C a 



\x\- 2a \Av\ 2 dx + / \x\- 2a - A \x-Vv\ 2 dx+ / br 2a - 2 |Vv| 2 dx 



/ \x\-( N -^\Av\ 2 dx+ [ \x\- N \x-Vv\ 2 dx+ [ \x\-( N+2 )\Vv\ 2 dx 
Jn Jn Jn 



< C a \\v\ 



Wg' 2 (n,\x\-( N - 4 )) 



< 00 



and the proof is completed. ■ 

Lemma 5.2 The junctionals J, J are weakly lower semicontinuous in Wq' 2 (£1, Ixl"^ -4 )). 

Proof Let v n be a weakly convergent sequence in W 2 ' 2 (fi,|x|-( Ar - 4 )),to some vq . Assume also the sequence 
w-n '■= Vn — vq, with w n — 0. Then for n large enough, we may prove that 

J{v n ) = J(w n + v ) = 

= J \x\ 4 - N \Aw n + Av \ 2 dx - N(N - 4) J \x\~ N \xVw n + xVv \ 2 dx 

+ iV(iV-4) I lx f-N Nwn + VvQ f dx = 
2 Jn 
= J(w n ) + J(v )+o{l). 

Since J{w n ) > 0, we conclude that liminfn^oo J(v n ) > J{vq). The case of J may be treated in a similar 
way. ■ 



5.1 Existence of minimizers for improved inequalities of (jl.6|) 

Assume the improved Hardy inequality 



\Au\ 2 dx > 



/ N(N — 4) 
V 4 



u 



n Fl 



dx + b I V u dx. 

n 



(5.4) 



We want the potential V to be a lower order potential compared to the Hardy potential For that 

\x\ 

reason we give the following definition of the admissible class A of potentials : We say that a potential V 

N_ 

is an admissible potential, that is V 6 A, if V is not everywhere nonpositive, V £ L,* (O \ {0}), and there 
exists a positive constant c, such that 



/ N(N — 4) 



|An| 2 (ix > (^ iniV 4 ^ ) I -^dx + c I \V\u 2 dx. for any » t 



(5.5) 



'n \ 41 / Jn FT Jn 

The presence of the absolute value in the right hand side of Q5.5|) ensures that the negative part of V is 
itself a lower order potential compared to the Hardy potential, and therefore the Hardy potential is truly 
present in (|1.6j) . As a consequence of (|1.9|) . the class A contains all non everywhere nonpositive potentials 
V, such that j n \vfi X x ~ N l 2 dx < 00. 

Actually, the best constants arising in the inequalities of type (|5,4j) in u-terms are equal with those 

iV — 4 

ones arising in the corresponding inequalities in -u-terms (v = \x\^2~u). For example, we have: 
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Lemma 5.3 The best constants 



c :- 



inf 



I[u] 



ueH$(n), f n \V\u 2 dx 



and 



are equal. 



C r- 



J n V v? dx > 



inf 



J(v) 



v e w^ 2 (Q, Ixl-^-*)), In \x\-( N -^\V\ v 2 dx 

f n \x\-( N ~ 4 Wv 2 dx>0 



(5.6) 



(5.7) 



Proof Let c, C be the best constants in 1)5.6}) and (|5.7|) . respectively. For any u G C^°(f2) and v = \x\ 2 u, 
Lemma 12 . 31 implies that 

m = j(v) 

f n \V\u 2 dx J n \x\-( N -^\V\v 2 dx 
Hence, c > C. Next we claim that c < C. Fix e > and assume the functions v e E C^°(0), such that 

^) < C 1 e 

Let < a < ^y^. Lemma I3TTI implies that u aj£ = |x| _a u e G Hq(Q) providing that 

I[Ua,e] Ja{v e ) 



C < 



f n \V\ul e dx f n \x\- 2 -*\V\v 2 dx-' 



(5.8) 



where 



J a (v) := [ \x\- 2a \Av\ 2 dx - 4a(a + 2) [ \x\- 2a - 4 \x ■ Vv\ 2 dx 
Jn Jn 

+2a(a + 2) [ \x\" 2a ~ 2 \Vv\ 2 dx 
Jn 



+ 



a(a + 2)(-N + a + 2)(-N + a + 4) - f^LA 



-2a-4„ .2 



W (ix. 



Next we calculate the limit of J a (v) as a — > . It is clear that 

[ \x\- 2a \/\v\ 2 dx / Ixr^-^A^dx, 

Jn 



as a 



AT-4" 



However, the problem arises in the case of hm^ A f_ 4 - \x\ 2a 4 v 2 dx. In this case, we 



have that 



a{a + 2)(-N + a + 2)(-N + a + 4) - f ^-L 4 ^ 



\x\~ 2a - 4 v 2 dx 



<C\\v\ 



0(0 + 2)(-iV + a + 2)(-iV + a + 4) - ^Mijzf) 
1 N - 2a - 4 



0, 
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as a — > ^~7y~ , hence 



lim J a (v) = J(v), 



JV_4- 



for any v G Cq°(Q/{0}). Taking the limit a -> in (JHSJ, we obtain that 

c< C + e, 

for any fixed e > and the proof is completed. ■ 

By the same argument the Hardy-Sobolev inequality takes the following form: 

Lemma 5.4 Let D > sup a . g ^ \x\. Then, there exists c > 0, such that 

JV-4 

if at 2JV 2N-4 \x\ \ N 

J[v] > c( / \x\- N \v\*=*XTF=a(ij±)dx) , (5.9) 



n 



for every v G Wq' 2 (Q, |x| ^ 4 )). 
Define the following quantity 



qm - J{v) 



J n \x\~( N ~ 4 )V v 2 dx 
and set 

B := inf Q[v] = inf Q[v] (5.10) 

»ec ( f(!i), ' ' ve w*' 2 (n,\x\-( N -V), 

J n l^l-CJV-4) ^ ^2 dx>Q ^ |a;| _ (N -4) y v 2 dl . > 

By practically the same arguments as in Lemma 15.31 we have that 
Lemma 5.5 There holds: B = b 

The local best constant of inequality Q5.4j) can be written as: 

C°:=limC r , C r := inf _ ■ ■ ?} V ], — . (5.11) 

HO vdC^{B r ), J Br \x\-( N ' 4 )Vv 2 dx V ' 

!b t \x\-( n -^Vv 2 dx>0 

If there is no v G C^(B r ), such that J B \x\~( N ~^V v 2 dx > 0, for some r > 0, we set C r = oo. Observe 
that B < C°. 

Theorem 5.7 Let 

B < C°. (5.12) 
Then B is achieved by some Vq G Wq ,2 (Q, Ix) - ^ -4 )). 

Proof Let {vk} C Wq ,2 (Q, Ix) - ^ -4 )) be a minimizing sequence for (|5.1t)j) . such that 

f \x\~ (N ~ i) Vv 2 k dx = l, (5.13) 
Jn 

for every k. Hence J(vk) — > 5. Since J(ufc) is bounded, from Q2.17|) and (|2.23f) we deduce that {v^} must 
be bounded too, in Wq' 2 {$1, Ix) - ^ -4 )). Therefore, there exists a subsequence, still denoted by {vk}, such 
that 

2 2 

v k uo, in Wq' (Q, \x\ 
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and 



Vk —> vq, in L 2 ({l/B p ), for every p > 0, 



for some vq G PFg' 2 (n, \x\ ( n 4 ^). We set Wk '■= Vk — Vq. Then from (j5,12|) we have that 

1= f \ x \~ {N ~^Vw 2 k dx+ I \x\-^Vvldx + o(l). 

In addition from Lemma 15.21 we deduce that 

B = J(w k ) + JH+o(l) 



(5.14) 



or 



and 



B>J(w k ) + B [ \x\- {N - 4 Wvldx + o{l) 



B > J(«o). 

Observe also that (|5.12|) implies the existence of a p > 0, sufficiently small, such that 

J(«) 



S<C fl 



inf 



vECg°(B p ), f B Ix^^-^V v 2 dx' 

I B \x\-<~ N -^V v 2 dx > 



(5.15) 
(5.16) 

(5.17) 



Assume the cutoff function G C^°(B p ), such that < <^ < 1, in B p and = 1, in -B p / 2 - Set w k 
tfiwk + (1 — <p)uik- Making some calculations we have that 



Bo 



2 / \x\~ N (x ■ V(<trw k )) (x ■ V((l - 4>)w k )) dx 

1 

~2 



JK) = J{<jw h ) + J((l - ^ fc ) + 2 / |x|-( Ar - 4 )A(^ fc )A((l-^) U ; fc )dx 
-N(N-4) 

L JB P 

|x| _7V V((M0 • V((l - 0)w fc ) 
= J(M0 + ^((1 - <t>)wk) + 2 / |xr {Ar - 4 V(l-0)|Aw fe | 2 d3; + o(l). 
Since J((l — 4>)wk) > we obtain that 

</(u>fc) > J{<pWk) + o(l). 

From (|5.17j) we have that 

J(Mfc) > C p [ \x\- {N - 4) V(^w k ) 2 dx. 
Jb p 

Since V G L^ 4 (O/{0}) holds that 

( \ x \-( N - A) Vw 2 k dx -»■ 0, as fc^oo. 

So, inequalities l(5TTH|) . (fSTH)) and (|5T2U|) imply that 

J(w k ) >C P [ \x\- {N - 4) Vw 2 k dx + o(l). 



(5.18) 
(5.19) 

(5.20) 

(5.21) 
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Then, from Q5.14JI and Q5.21J1 we derive that 

J(w k ) >C p (l- J \x\-( N -*)Vv$<h?j +o(l). 

Taking into account (|5.15|) we conclude that 

B>C p (l- [ \x\-( N -*>Vv%dx) +B I \x\-( N - A Wvldx + o{l), 
\ Jn J Jn 

or 

(B - C p ) (l - j \x\-( N ~^Vvl dx^j > 



which implies that 
and from (|5. 16f) that 



f \x\- {N '^Vvldx>\ 
Jn 



n< J (^o) < R 

~ f a \x\-(»-*>Vv*dx- ■ 



It follows that B is attained by Vq. We note that 



\x\-^Vv 2 dx = l 



and it follows from ()5.15|) that Vf. converges strongly in Wq ,2 (Q, \x\ ( n 4 )) to vq. ■ 

We next look for an improvement of inequality Q5.4|) . That is, for an inequality of the form: 

J \Au\ 2 dx> f N ( N -^ \ J ^_ dx + h j Vu 2 dx + b! j Wu 2 dx, u e H$(Sl), (5.22) 

where V and W are both in A. Assuming that ()5.22|) holds true, the best constant b\, is clearly given by: 

I[u] -bL Vu 2 dx 

h= inf 1 J ■ __; n 2 , • 5.23 

ueH$(n) J n Wu z dx 

f a Wu 2 dx>0 

By the same argument as in Lemma 15.31 the constant &i is also equal to: 

J[v] - b L \x\-( N - 4 Wv 2 dx , 
B i = inf r i J n 5 • (5-24) 

vew^ 2 (n,\x\-^) J n \x\-( N -*)Wv 2 dx v ; 

f n \x\-i N -^Wv 2 dx > 

Notice that by the properties of b = B we always have that b\ > 0. Conversely, if one defines b\ > by 
()5.24|) it is immediate that inequality Q5.22JI holds true with b\ being the best constant. But of course, for 



(|5.22j) to be an improvement of the original inequality, we need b\ to be strictly positive. Our next result 
is a direct consequence of Proposition 15.71 and provides conditions under which the original inequality 
cannot be improved. 

Theorem 5.8 Suppose that b < C° . Let V and W be both in A. If (p is the minimizer of the quotient 
k 5.1 City and 

[ \x\- {N ' A) W(p 2 dx > 0, 
Jn 

then b\ = 0, that is, there is no further improvement of \5.4\)- 
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Proof By our assumptions, v = <p is an admissible function in (|5.24|) . Moreover, for v = <fi the numerator 



of (|5.24j) becomes zero. In view of the fact that 61 > 0, we conclude that b\ = 0. ■ 

It follows in particular that if W > 0, we cannot improve IJl.fij) . Thus, the following result has been 
proved. 

Theorem 5.9 Let V G A. // 

b<C°, 

then, we cannot improve \5.4\) by adding a nonnegative potential W £ A. 

As a consequence of (jl.9|) and Theorem 15 . 91 we have: 
Corollary 5.10 Let D > sup xg0j \x\. Suppose V is not everywhere nonpositive and such that 



[ \V\^X 1 - N l 2 {\x\/D) dx < 00. 
Jn 



Then, V £ A but there is no further improvement of \5.4\) with a nonnegative W £ A. 
Proof Applying Holder's inequality we get: 

— \ JV ~ 4 

^\V\v 2 dx< ( I W^X^dx)" ! \x\- li X*%*\v\&idx V 



X 



The first integral is bounded by our assumption, whereas the second integral is bounded from above by 
C J[v] (cf Lemma l5.4|) . Thus we proved that V E A- Using once more Holder's inequality in B r and the 
definition of C r (cf (|5.11jl ) we easily see that: 

C 

C T > 4 > 00, as r — > 0, 

[j Br \V\^X^ N /^ dxV 

whence C° = +00. Thus, all conditions of Theorem 15. 91 are satisfied and the result follows. ■ 

5.2 Existence of minimizers for improved inequalities of (|1.8|) 

Assume the following improved inequality 

&u\ 2 dx> — / l —-} r dx + b / V\Vu\ 2 dx. (5.25) 

We want the potential V to be a lower order potential compared to the Hardy potential r^m. For that 
reason we give the following definition of the admissible class A of potentials : 

Definition 5.11 We say that a potential V is an admissible potential, that is V £ A, ifV is not every- 

N_ 

where nonpositive, V £ L? (Q \ {0}), and there exists a positive constant c, such that 
r r |Vnl 2 f 

/ \Au\ 2 dx>— / ] —-^-dx + c / \V\\Vu\ 2 dx, for any u E Aq(O). (5.26) 
Jn 4 Jn \x\ Jn 

The presence of the absolute value in the right hand side of (|5.5I) ensures that the negative part of V is 
itself a lower order potential compared to the Hardy potential, and therefore the Hardy potential is truly 
present in Q1.8|) . As a consequence of (11.10(1 . the class A contains all non everywhere nonpositive potentials 
V, such that J Q \V\^X 1 - N dx < 00. 
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Lemma 5.12 The best constants 



c : = 



inf 



u 



u£H*(n), Jjy||V«| 2 dx' 



and 



C 



J^Vl^u^dx > 



inf 

J n \ X \-<,N-4)y {Vv _ N_4_^ v{2 dx > 



f n \x\-( N -*)\V\\Vv-^j^v\ 2 dx' 



(5.27) 



(5.28) 



are equal. 

Proof Let c, C be the best constants in (|5.27j) and (|5.28|) . respectively. For any u £ C^°(f2) and v 
|x| 2 Lemma 12 . 31 implies that 

l[u] _ JQQ 
/ n |V| |Vu| 2 dx ~ J n |a;|-(^- 4 )|F|5 2 da;' 

hence c > C. Next we claim that c < C. Fix e > and assume the functions v e £ C^°(f2), such that 



J(v e 



< C + e. 



Let < a < — s- 4 -. Lemma 15 . 1 1 implies that u aj£ = |x| a u e £ Hg(Q) providing that 



Ci < 



/ n |V| |Vu a , £ | 2 dx J Q \x\-**\V\ \Vv e - ajjfc 



v f 1 2 dx ' 



(5.29) 



where 



ff a (u) := f \x\- 2a \Av\ 2 dx - 4a(a + 2) [ \x\~ 2a ~ 4 \x ■ Vv\ 2 dx 
Jn Jn 



+ 



N 2 ' 

2a(a + 2) - — 



f \x\- 2a ~ 2 \Vv\ 2 dx 
Jn 



+a(-N + a + 4) 



(a + 2)(-iV + a + 2) + 



iV 2 



|xr 2a -V dx. 



Following similar arguments as in Lemma 15.31 we may prove that 

AT21 



as a 



a(-N + a + 4) 
, hence 



(a + 2)(-N + a + 2) + 



|x|~ 2a ^Vdx -> 0, 



lim J a (u) = I(v), 

JV-4 - 

for any u e C °°(n/{0}). Using now (jo3U|) and 

lim / |x|- 2a |y||V^-a^i> e | 2 dx= f \x\- (N -^\V\ \Vv € 
a ^E=±- Jn \x\ Jn 



(5.30) 



N - 4 x 
~~2 \x\ 



we obtain that 

c < C + e, 

for any fixed e > and the proof is completed. ■ 

By the same argument the Hardy-Sobolev inequality (jl.lOj) takes the following form: 
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Lemma 5.13 Let D > sup x6 ^ \x\. Then, there exists c > 0, such that 

JV-2 

/ f N(N-4) iV — 4 X 2iV 2N-2 \x\ \ N 

3[v] > c / \x\ n-2 |Vu v \n-2X n-2 r-±)dx) , (5.31) 

\Jn 2 \x\ 2 D J 

for every v G Wq ,2 (Q, Ix) - ^ -4 )). 
Define the following quantity 

J(u) 



[v] :- 



f n \x\-(^)V\Vv-^^dx 



w 

and set 

1 := inf Q[v], (5.32) 

v 6 ,2 (Q, |x|-( w - 4 )), 
/nH-^-^VIVi;- ^^«| 2 dx > 

By practically the same arguments as in Lemma 15.31 we have that 

Lemma 5.14 There holds: B = 6 

The local best constant of inequality (|5.25|) can be written as: 

C°:=limC r , C r := inf — - J ^ ^ . (5.33) 

rlO veC^(B r ), J B J x \~(N-4)y\ Vv _ N=±_^ v \2 dx ^ 1 

f B Jx\-( N -Vv\Vv-^-^v\ 2 dx>0 

If there is no v G C™(B r ), such that f Bf \x\~( N ~^V \Vv - ^^-j^iv\ 2 dx > 0, for some r > 0, we set 

C r = oo. Observe that B < C°. 

We introduce the space V to be defined as the closure of the Cg°(fi) functions with respect to the 
norm 



| n ||2 := f \ x \-( N -V\Av\ 2 dx+ [ \x\- N \x-Vv\ 2 dx+ [ \x\-^\Vv\ 2 dx + I |x|" A r 1 d.r 
Jn Jn Jn Jn 



+ I \x\-^ \V\ 



Vv 



N-4 x 2 



2 \x\ 2 

It is clear that V is a Hilbert space with inner product 



dx. (5.34) 



I \x\~ {N - 4) Acj)A7pdx+ [ \x\- N (x-V<f>)(x-V<ip)dx+ [ \x\- {N - 2) Vcp-V^dx 
Jn Jn Jn 

+ [ \x\- N ^dx+f |x|-^ 4 )|y|(V0-^fi^)(V^-^fi^), 
Jn Jn * \x\ £ \x\ 



<4>,^>v ■-- 



satisfying 

\\v\\w < \\ v \\v < co||v||iy, for any tieV. (5.35) 



Theorem 5.15 Let 

B < C°. (5.36) 
Then B is achieved by some vq S Wq' 2 (£1, \ x\~^ n ~^). 
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Proof Let {vk} C W ' (O, \x\ ( N 4 -*) be a minimizing sequence for (|5.25|) . such that 



L(v k ) := / \x\-^V 



n 



JV-4 x 2 

VV k r-prVfc 



dx = 1, (5.37) 



for every k. Hence JJ(ffc) — > 5. Since J(ufc) is bounded, from (|2.23|) and (|2.18j) we deduce that {ufc} must 
be bounded too, in Wq ,2 (£1, Ix) - ^ -4 )). Therefore, there exists a subsequence, still denoted by {vu}, such 
that 

v k ^v , in W^ 2 {n,\x\- {N - A) ) 

and 

Vk vq, in L 2 {Q,/B p ), for every p > 0, 
for some vq G VFq' 2 (Q, Ix) - ^ -4 )). We set w k ■= v k — vq. Then from (|5.35|) and 1)5.37(1 we have that 

1 = L(w k + v ) = L{w k ) + L(v ) + o(l). (5.38) 

Following now the same steps as in the proof of Proposition 15.71 we conclude that L(vq) > 1, hence 

I 

> B. 



This last inequality implies that IB is attained by vq, such that L(vq) = 1 and the proof is completed. ■ 
We next look for an improvement of inequality (|5.25|) . That is, for an inequality of the form: 

/ \Au\ 2 dx>^- I ^^dx + b [ V\Vu\ 2 dx + bi [ W\Vu\ 2 dx, u G H$(n), (5.39) 
Jo, 4 Jq \x\ Jq Jq 

where V and W are both in A. Assuming that (|5.39l) holds true, the best constant b\, is clearly given by: 

I[u] -b LV\Vu\ 2 dx 
bi = inf —±- r — Jn ' 1 . 5.40 

J n W\Vu\ 2 dx > 

By the same argument as in Lemma 15.121 the constant bi is also equal to: 



m-bI n \x\-^V\Vv-^^v\ 2 dx 
vew^(n,\^ N - 4) ) L \x\-( N ~^W\Vv - i^- v \ 2 dx ' ( ''' ' 

n \ x \-(^) W \S7v-^^dx>0 



Notice that by the properties of b = B we always have that bi > 0. Conversely, if one defines bi > by 
1)5.41(1 it is immediate that inequality ()5.39|) holds true with bi being the best constant. But of course, for 
(|5.39|) to be an improvement of the original inequality, we need bi to be strictly positive. Our next result 
is a direct consequence of Proposition 15.151 and provides conditions under which the original inequality 
cannot be improved. 



Theorem 5.16 Suppose that M < C°. Let V and W be both in A. If cp is the minimizer of the quotient 
and 

N-A x 

12 ~ 



x\-^ N -^W\V<f> - - — --^ct>\ 2 dx > 0, 
n 2 1*1 



then bi = 0, that is, there is no further improvement of i5.25\) . 
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Proof By our assumptions, v = <p is an admissible function in (|5.41|) . Moreover, for v = <fi the numerator 



of (|5.41j) becomes zero. In view of the fact that t>i > 0, we conclude that t>i = 0. ■ 

It follows in particular that if W > 0, we cannot improve ()5.25j) . Thus, the following result has been 
proved. 

Theorem 5.17 Let V E A. If 

B < C°, 

then, we cannot improve by adding a nonnegative potential W £ A. 

As a consequence of (jl.lUj) and Theorem 15 . 1 71 we have: 
Corollary 5.18 Let D > sup^g^ \x\. Suppose V is not everywhere nonpositive and such that 



V\TX L -"(\x\/D) dx < oo. 

Then, V £ A but there is no further improvement of h5.25\) with a nonnegative W £ A. 
Proof Applying Holder's inequality we get: 

_2_ 

/ \ x \-^-±)\ v \\ Vv _^±*\2 dx < ( f ivfix^dxY ■ 
Jn 2 \ x \ \J(i ) 

N-2 

N(N-4) 2JV-2 — 4 X 2N \ N 

x \ n-2 x n-2 |Vu — -v\ N ~ 2 dx) 

n ' ' 2 \x\ 2 1 ; 

The first integral is bounded by our assumption, whereas the second integral is bounded from above by 
C 3[v] (cf Lemma 15.13(1 . Thus we proved that V € A. Using, as in the proof of Corollary 15. 1UI Holder's 
inequality in B r and the definition of C r (cf Q5.33JI ) we easily get that <C° = +oo. Thus, all conditions of 
Theorem 15 . 1 71 are satisfied and the result follows. ■ 



6 PART II. THE POLYHARMONIC OPERATOR 

In this part we prove some improved Hardy-Rellich inequalities involving the polyharmonic operator. More 
precisely, we give the proof of the Theorems 1 1 . 61 to fl . 1 Ul for which, we have to establish certain inequalities 
concerning (|1,21|) and 1)1. 24|) . 

6.1 The Inequality (fTT^TTl 

Lemma 6.1 Suppose N > 5 and < m < Z 4 . For any u £ Co°(0), we set v = \x\ a u. Then, the 
following equality holds. 

[ ^^dx= [ \x\- 2m - 2a \Av\ 2 dx-4a(2m + 2 + a) [ \x\~ 2a ~ 4 ~ 2m (x • Vv) 2 dx 
Jn \ x \ m Jn Jn 

+2a(a + 2 + 2m) f \x\~ 2a ~ 2 ~ 2m \ Vv\ 2 dx 
Jn 

+ ^a 2 (a + 2- N) 2 - 2a(a + 2 - JV)(m + l)(JV - 4 - 2m - 2a)^) j \x\' 2a - 4 - 2m v 2 dx, (6.1) 
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N — A / — 4 — Am 

Lemma 6.2 Suppose N > 5 and < m < — §— • For any u 6 Co°(f2), we set v = \x\ 2 u. Then, the 
following equalities hold. 

|VU|2 dx= I \ X \-^Wv?d X+ ( N -\- 2m \ 2 [ \z\-Wds, 



n N 2m+2 Jn ' V a J Jn 



x\-( N -^\Av\ 2 dx- (N + 2m){N - A - 2m) J \x\~ N (x ■ Vv) 2 dx 
+ { N + 2m)(N-4-2m) ? (JV _ 2) 



2 

Theorem 6.3 Suppose N > 5 and < m < -For any n G Cg°(fi), we se£ v = \x\ 2 u. Then, 

the following inequality holds. 

12 /(at , i™v;v ^ 2 /■ .,2 



where 



A(Nm)-S (N-l) + U N + 2 m)(N-4-2m), m > - 2 +f^ , 
( ' ^ I 4(1 + m) 2 + (^2*0(^-4-2^ m < =£^3, 

Moreover, the constant 4(1 + m) 2 + ( jV + 2m )(^ f 4 2m ) j or m <• -2+Vat- i. «s best. 

Proof We proceed by using Lemma 16.21 (ii) and decomposing v into spherical harmonics. The equalities 
(|2.11|) - ()2.13|) imply that is enough to prove that 



(k + l) 2 + (2k + N - 1)(N - 3) - -(N + 2m)(N - 4 - 2m) - A 



> 



k 

Ak(N - 2) - -(N + 2m) (JV - 4 - 2m)(2k + N - 2) 



I r 2k - N+2 \Vg k \ 2 dx 

r 2k - N (g k ) 2 dx. (6.3) 



For k = from ()6.3j) we obtain that 



A < A = (N - 2) 2 - -(N + 2m) (JV - 4 - 2m), 



while for fc ^ we obtain that 



A<A 1 = (N-1) + ~(N + 2m)(N - 4 - 2m), 



which corresponds for k = 1. Then, we conclude that A must be the minimum of Aq, A\, or A = A(N, m). 

■sfi 
2 



Let m < 2 +VN 1 an( ^ consider the minimizing sequences u e and f e 



JV-4 , , - 1+a l JV-4 

u e :=r-— +m+e X 1 2 <P(r), v e := r~ ~ m u e = r e X 1 2 <f>(r), 



in a similar way as in Section 4. Then, we have that 

2 



f l A " £ | 2 _ f (N+2m)(N~4-2m) \ r {u c ) 2 , 

Jn \*\ 2m ax \ 4 J JnW^ ax (N + 2m)(N -A-2m) 



f n \x\~( N ~ 2 )\Vv^\ 2 dx 



4(1 + m)^ + 
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as e — > + and a% —* + . ■ 

Observe that for m = Proposition 16.31 implies that 

iV(iV - 4) 



A(N,0) 

which is the result stated in Proposition 12.41 



4 + 



Proof of Theorem 1 1.6} When < m < 



inequality ()1.22[) is an immediate consequence from 



' 4 



Proposition 16.31 and Inequality (|1.3|1 However, we will establish this for the whole range of m £ [0 
Once more we do the change of variable of (|2,11|) - (|2.13|) . Then the inequality will be true provided we 
will establish the following inequality 



(k + l) 2 + (2k + N - 1)(JV - 3) - ~(JV + 2m)(iV - 4 - 2m) 



k f 
+-(N + 2m) (JV - 4 - 2m)(2/s + AT - 2) / 
2 Jrj 



> 



(1 + mr + 



, (N + 2m)(N - A -2m) 



2k-N 



,2k-N 



r 2k ' N+2 \Vg k \ 2 dx 



k-l 

(g k ) 2 ^2x 2 ...X 2 dx 

i=i 
fc-i 



t=l 



However, the worst case is for k = 0, but this follows from 11.51 To establish the best constants we will 
treat initially the case m < - 2 +v^T . The p roo f Q f it follows the same lines as in Section 4. For this we 
fix small parameters e, oi, a^, a& > and define 

u(x) := u>(x) 0(|x|), := |x| 



— +m+e X 1 2 X, 2 •••X 2 



where X/ = Xx(Xj_i), / = 2, ...,k. and <^(r) 6 C^°(i?i) is a smooth cutoff function, such that < <f> < 1, 
with = 1 in -B;^- Following similar arguments as in Section 4 we may obtain that 



r \Au\ 2 
JQ \x\ 2m 



dx 



( (N+2m)(N-4-2m) \ 2 r u 2 . 
I 4 J Jq \ x \2 m +4,UX- 



1 + mY + 



(N+2rn)(N-4-2m) 



c nJq 



1 r -l+2e X -l+a 



■■■X, 



-1+dfc 



m ) I V** 1-1 f m 2 y2 v2 
I 2-,i=l Jn | x |2m+4^-l • • • -Aj 



e 2 (2 + +2m + e) 



(AT+2m)(AT-4-2m) 



e(2 + 2m + e) 



+2(l+m + e)( - (jV+2m)( f- 4 ~ 2m) +e(2 + 2m + e) ) 77 + (1 + m + e) 2 n 



2J2 



+2 



(JV+2m)( f- 4 - 2m) + 6(2 + 2m + e) ) (±r/ 2 + \B) 



1 + m )2 + (iV+2m)(^-4-2m) j ^2 , , , ^2 



dr + 0(l), 



Using now the identities (|4.10|) . (|4. 11|) and passing to the limit e — > 0, we conclude that 

r |Au| 2 , / (N+2m){N-A-2m)\ 2 r u 2 r i 

JnW^ ax ~\ 1 J JnW^ ax 

~ (d + m) 2 + (jV+2m)( r 4 " 2m) ) EK in - X 2 = 

= c N ((l + m) 2 + - Eti Oi* + Eti E,Wi(i - %)^) + o(i). 
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However, we can pass to the limit a\ [ 0, ...a,fc_i { see (j4.9|) . to conclude that the Rayleigh quotient now 
of (|1.23j) is smaller or equal than 



(1 + m) 2 + 



2 , (N+2m){N-A-2m) 



A k - a k A k + 0(1 



since A k — » oo, as a& J, 0. ■ 

Proof of Theorem \ 1.9l ls an immediate consequence of the previous Theorem. 
6.2 The Inequality (THHl) 

In this section we consider Inequality (|1.24|) . For our approach we consider decomposition into spherical 
harmonics, see Section 2. Let u S C^°($7). Setting u = u = Y^k=Q u fc := Sfclo fk{ r )4'k(o'), using equalities 
(|2~51) . (|2~5)) we have that 



\Au k f 



R iV \x 



2m 



dx 



r- 2m (f'tfdx + 



(N -l)(2m + l) + 2c*. 



+Cfc 



c fc + (iV - 4 - 2m)(2m + 2) 



r- 4 - 2m (/ fc ) 2 dx, 



(6.1) 



|Vu| 



|2m+2 



(/^) 2 dx + c fe / r- 4 - 2m (f k ) 2 dx. 



(6.2) 



Theorem 6.6 Suppose N > 5 anc? < to < ^r^. Then, for any u £ (7^(0), t/ie following inequality 
holds. 

\Au\ 2 f |Vu| 2 

where a m ^ is defined by: 

(N-4-2rn)(N + 2 m ) +k{N + k _ 2) V 
a m , N : = f min V x2 » ( 6 - 3 ) 

f ^-4-2m j + k ( N + k _ 2 ) 

In particular, we have 

fN + 2m x 2 
a m ,N = I — 

u>/ien < to < ( jV + 4 )+ 2 v / A f2 tv+ i^ Whereas, we have 

'N + 2to x 2 

«m,Af < 



when { N + i )+ 2 ^ N ' 2 < m < ^2^. Moreover, the minimum of \6. 3\) depends only on these k that 

satisfy 

k< (^-l\ N -2). (6.4) 
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and let k be the largest k of \b'.4\ )- In particular, for N < 8, and ( N + 4 )+ 2 ^ N2 N + l <- m < K_A we have 



(N-A-2m){N+2m) + jy 



0"in,N — r~2 

N-A-2m\ + JV-1 

whereas, 8 < N, the interval ( (n+a)+2v / n' z ~n+ i^ is been divided in 2k — 1 subintervals. For k 

1,2,..., k 

, 2(N - 5) - J(N-2) 2 - 12k(k + N-2) 
m k := : 



(3 



2 2(N - 5) - J(N - 2) 2 + 12k(k + N-2) 
m k := 



6 

When m G r (iV+4)+2 V ^lv+ i ) m ij u [m?j ^ 



«m,Af 



(iV-4-2m)(iV+2m) + - 1 



For 2 < k < k — 1 and m G (m^mLj] U [ti^, 1 , w^), i/jen 

(iV-4-2 m p + 2 m) +fc(jV + fc _ 2: - 2 

a m ,Ar = mm< — — ^ 



■ x 1 +k{N + k-2, 

(N-A-2m)(N + 2m) +{k + 1){N + k _ 1) 



2 



2 

N-4-2m ' 



+ (k+l)(N + k-l) 



Form G (mr,m|), i/ien 



4 

a m ,AT = mm^ — ^ 

7V-4-2m 



+ k(N + k-2) 

\N-A-2m)(N+2m) + ( £ + ^ + £ _ -g 



2 

N-4-2m ' 



+ (k + l)(N + k-l) 



Moreover, the constant a m jy in \1.24\j is the best. 
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Proof Decomposing u into spherical harmonics. Using relations (|6.1|) . (|6.2|) . and the following Hardy 
inequality 



N-l-2mt w/\2 



we obtain that 



UuYdr> 



C 



N - 2 - 2m 



JV-3-2m/ W\2 



Jo 



o° „N-3-2mt fl\2 



1 J^ 00 T ,iV-5-2m|'f,12 



+ C 2 



where Ci 



+ 2c fc 



, C2 - Cfc 



c k - (N - 3 - 2m) (JV - 4 - 2m) + (iV - 1) (N - 4 - 2m) 



However, 



since C2 — c^Ci < 0, the real function 

w(y) := 



Ciy + C 2 _C 1 {y + c k ) + C 2 - c k d 



y + c k y + c k 

is increasing for positive y. Hence, from the Hardy inequality 



„N-3-2m( f l\2 



(f k Ydr> 



N - 4 - 2m 



r N- 5 -2m {fk) 2 drj 



we conclude that 



a m ,N < A(k,N,m) :-- 



(N-i-2m)(N+2m) 

4 + c k 



N-A-2m 



We study the monotonicity of the function 

( {N-A-2m)(N+2m) 
\ 4 



+ X 



N-A-2m 



-, X>0. 



+ X 



It is clear that f admits a (possibly positive) minimum 

(N - 4 - 2m)(-N + 6m + 



x :-- 

Let N < 8, then xo > 0. In this case holds that c\ > xq, for N = 5, 6, 7, 8 and < m < hence 
a m>N = min{^4(0,iV,m),A(l,iV,m)}. Comparing A(0, N, m), A(l, N, m) i.e., A(0,N,m) < A(l,N,m), we 
obtain that 

(N + 2m)(JV-6m-8)+4(JV-l) > 0. (6.5) 
By simple calculations we may prove that 



if < m < m* := + 4 ) + %VN 2 N ± 1 then amN = A(0, N, m), 

6 

while for m > m* , we have that a m .7v = ^4(1; ^V, w), 

which in particular holds for every N. In the case where m < ^g-^, (clearly N > 8), we have that xo < 
and / is increasing for all nonegative x. Hence 



a m >A r = A(0, N, m), for N > 8 and < m < 



N 
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Note that < m*, for every N. In the case where < < m < — jF 4 -, the situation seems to be 
more complicated since a m ^ also depends on some k > 1. Observe that xq > 0, which implies that / 
is decreasing for x G [0, xo) an d increasing for xq < x. In order to estimate the minimum A(k, N,m), in 
terms of k, it suffices to find the relative position of xq, as varies; Let 

k := max{& G N, such that < xo}, 

(i.e. < x < c^ +1 ) then a m ^ = min{A{k, N, m), A(k + l,N,m)}. However, < xq implies that 

12m 2 - 8(N - 5)m + N 2 — UN + 32 + 4c fc < 0. 

Let D := (N - 2) 2 - 12c fc , ml := iVt^z^R. an d m \ ■= 2(at-5)+v^ Then ^ for eyery fc g ^ guch that 
I? > 0, (note that -D 7^ 0, for any k, N) there exist a whole interval of m G ( ^g" 8 > ^^j" 4 ); such that 
a m,Af = A(k, N,m), as follows: 

if m£ (m[,m[ +1 ]U[mj +1 ,mj), then a mj Ar = m.in{A(k, N, m), A(k + 1, N, m)}, 

while for m G (m|, m|), we have that a m ^ = min{yl(£i, N, m),A(k + 1, N, m)}. 

Having in mind that mj = and m\ = ^" 4 , we conclude that a mi jv behaves in the way that the 
theorem states. 

Finally, we prove that a m .7\r is the best constant. To this, let k be such that 

(JV-4-2m)(iV+2m) + fc(Ar + fc _ ^ " ~' 



Q"m,N — ~ " 

f ^ 4 2 " 2m J +k(N + k-2) 

We then set 

u=|x|- i ^+" l +^ fc ( ( 7)^(r), 

where (p(r) G Cq°(Bi) is a smooth cutoff function, such that < (f> < 1, with = 1 in B1/2 and </>fc(c) is 
an eigenfunction of the Laplace-Beltrami operator with corresponding eigenvalue c& = k(N + k — 2). Then 
we have that 

1 f \Au\ 2 , / (N + 2m) (JV - 4 - 2m) , A 2 f 1 14 _ 9p , , ^. , 

— ^ — i dx= (- A — ^ ^1 ^-c fc + e(2 + 2m + e) ) / r- 1+2e 2 (r)dr + O(l), 



cjv ./n M 2m V 4 

AT - 4 - 2m \ 2 

+ e + c k 



1 /" lVn| 2 , 
ax 



CN JQ \x\ 2m + 2 



/ JO 

1 

-l+2e j 2 



r~ 1+ze (t) z {r)dr + 0(1). 







Letting now e j we obtain the result. ■ 
The requirement (|6.4|) implies that 

fc < 2^-3 or fc< 0.077 (AT - 2). (6.6) 

6 

From (|6.6|) it is clear that for N < 15 the quantity a mi Ar depends only on k = 0, 1. Thus, the case where 
N = 9, ...14, is similar to that of A" = 5, 8. However, there is a qualitative difference between these two 
cases, so we prefer to state Proposition 16.61 in this way. Observe that the above arguments still hold in 
the case of m = 0, see Proposition 12.41 As an example assume that A" = 30. Then, from <j6.1|) we deduce 
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that k = 2. We have also that = 13, m* ~ 4.17, m\ ~ 4.85, m\ = 7, m| ~ 9.66, ra\ ~ 11.81. If we 
take for instance m = 8 we have that xq = 65, when C2 = 60 and C3 = 93. Actually, in this case we have 
that A(k,N,m) = 4(0,30,8) = 529, 4(1,30,8) = 384, 4(2,30,8) ~ 360.29, 4(3,30,8) ~ 366.64, hence 
4(30,8) = 4(2,30,8). 

Proof of Theorem\n& Let V{x) = Y%L\ Xf )X|(§ ) . . . A 2 (§). From relations (fTTTjl . (|fT2l . inequality 
(|1.26|) is equivalent to 



r" 2 "^) 2 ^ 



N - 2 - 2m 



1 



Ukfdx-- A I r- 2 - 2m V(x){f' k fdx 



f /\2 



-2c fc / r- 2 - 2m (/^) 2 dx + Cfc 



c fc + (7V-4-2m)(2m + 2) 



N + 2m 



-4-2m/ j \2 



(fkYdx 



4 



- / r ^~ 2m V(x)(f k ) 2 dx>0. (6.7) 



However, inequality (|1.4|) implies that 



r- 2m (/D 2 ^ 



iV - 2 - 2m 



r -2-2 m(/ / )2dx _^ , r -™ F(x)(/ ^^> . 



1 



2-2mi 



f /\2 



Hence, it suffices to prove that 

2c fc / r- 2 - 2m (f' k ) 2 dx + c k c k + (JV - 4 - 2m) (2m + 2) 



N + 2m 



r- A - 2m {f k ) 2 dx 



c k / r- 4 - 2 "V(x)(.f fc ) 2 dx>0, (6.8) 



or, since (|6.8|) holds for = 0, 



2 / r- 2 ~ 2m (^) 2 ( ix + 



c fc + (iV-4-2m)(2m + 2) 



TV + 2m 



r-^ 2m {f k ) 2 dx 



r-*- 2m V(x)(f k ) 2 dx>0, (6.9) 



for any k = 1, 2, .... Recalling again inequality (|1.4j) . which gives 



-2-2mi f l\2 



{fkYdx > 



N - 4 - 2m 



r- 4 - 2m (/ fc ) 2 dx + ^ / r~ 4 — T/(*)(/ fc )^x, 



1 



4-2TOT 



we obtain that ()6.9|) holds if 

/AT-4-2m\ 2 , w , /iV + 2m\ 2 
2( - J + Cfc + (iV-4-2m)(2m + 2)- ( J > 0, 

for any k = 1, 2, .... However, this last inequality for k = 1 is equivalent to 1)6. 5 Jl . which holds for < m < 

-(N+4)+2VN 2 -N+l 
6 

Assume now the minimizing sequences 



-1 + a-i — l + a 2 



u(x) := w(x) </>(|x|), w(x) := \x\ 2 +<E A 1 2 X 2 



- 1 + a fc 



2 • • • -v, 2 
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(iV+2m)(JV-4-2m) 
4 



introduced in Section 5 and using the same notation we have that 

r w 2 
JQ \x\ 2m + 4 

+2(l + m + e) 
+2 



r |A«| 2 . 



+ e(2 + 2m + e)) + (1 + e + m) V 

(AT+2m)(Ar-4-2m) 



, +e(2 + 2m + e) J 77 



(j V + 2m)(7V-4- 2m) + £(2 + 2m + £) I ( i^ a + i B) 



dx + 0(l), 



and 



r i v "i . x 2 . . . x 2 rirr — r w 



7V-4-2m 



+ e + 



JV-4- 2m+e ) ??+ l r? 2 



•X 1 2 ---X2 2 dx + O(l), 
We now use identities l|4.10|) . (|4,11|) and passing to the limit e — ► 0, to conclude that 

Jo \xY™ 



(- 



N+2m 



f W J T _ 1 V^" 1 f l V "l", r2,..y2J T 

2 I Jn |x| 2m + 2 " x 4 2-ri=i Jn \ x \ 2m + 2 1 * " x 



|Vm| 2 



1+Qfe 



: dr + 0(1), 



1 / 7V-4-2m 



c N A t 



k 4 



1 / N-4-2m 



) <w (eIi - £-=i E*=i+i(i - oi)r y ) + 0(1). 



However, we can pass to the limit at [ 0, ...afc_i J. see (|4.9|l . to conclude that the Rayleigh quotient now 
of (|1.27j) is smaller or equal than 



1 / N-,-2m \ \ _ 1 ( N=4-2rn\ ^ + ^ 



7V-4-2m 



Afc + 0(1) 



4' 



since — > 00, as j 0. ■ 

Proof of Theorem M . 1 61 Is an immediate consequence of the previous Theorem. 
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